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Abstract
We show that the real parts of diagonal matrix elements of the
exact effective Hamiltonian governing the time evolution in the sub-
space of states of neutral kaons and similar particles can not be equal
for t > t0 (t0 is the instant of creation of the pair K0,K0) when the
total system under consideration is CPT invariant but CP noninvari-
ant. The unusual consequence of this result is that, contrary to the
properties of stable particles, the masses of the unstable particle, e.g..
K0, and its antiparticle, K0, need not be equal for t≫ t0 in the case
of preserved CPT and violated CP symmetries.
1 Introduction
All known CP– and hypothetically possible CPT–violation effects in the neu-
tral kaon complex are described by solving the Schro¨dinger–like evolution
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equation [1] — [11] (we use h¯ = c = 1 units)
i
∂
∂t
|ψ; t >‖= H‖|ψ; t >‖, (t ≥ t0), (1)
for |ψ; t >‖ belonging to the subspace H‖ ⊂ H (where H is the state space
of the physical system under investigation), e.g., spanned by orthonormal
neutral kaons states |K0 >, |K0 >, and so on, (then states corresponding
with the decay products belong toH⊖H‖
def
= H⊥), and nonhermitian effective
Hamiltonian H‖ obtained usually by means of the Lee–Oehme–Yang (LOY)
approach (within the Weisskopf–Wigner approximation (WW)) [1] — [11]:
H‖ ≡M −
i
2
Γ, (2)
where M = M+, Γ = Γ+ are (2 × 2) matrices. In a general case H|| can
depend on time t, H|| ≡ H||(t), [12, 13, 14]. The effective Hamiltonians H||
are usually derived by rewriting the Scho¨dinger equation in the kaon rest
frame:
i
∂
∂t
U(t)|ψ >||= HU(t)|ψ >||, U(t = t0) = I, (3)
where I is the unit operator in H, H is be total (selfadjoint) Hamilto-
nian acting in H and U(t) the total unitary evolution operator, |ψ >||≡
|ψ, t = t0 >|| ∈ H|| is the initial state of the system.
Solutions of Eq. (1) can be written in matrix form and such a matrix
defines the evolution operator (which is usually nonunitary) U‖(t) acting in
H‖:
|ψ; t >‖
def
= U‖(t)|ψ >‖, (4)
where,
|ψ >‖≡ q1|1 > +q2|2 >, (5)
and |1 > stands for the vectors of the |K0 >, |B0 > type and |2 > denotes
antiparticles of the particle ”1”: |K0 >, B0 >, < j|k >= δjk, j, k = 1, 2.
Relations between matrix elements of H‖ implied by the CPT–transfor-
mation properties of the Hamiltonian H of the total system, containing
the neutral kaon complex as a subsystem, are crucial for designing CPT–
invariance and CP–violation tests and for proper interpretation of their re-
sults. The standard interpretation of matrix elements, hjk =< j|H|||k >,
(j.k = 1, 2), of the effective Hamiltonian H|| follows form the properties of
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the LOY effective Hamiltonian H|| ≡ HLOY . In many papers it is assumed
that the real parts, ℜ(.), of the diagonal matrix elements of H‖:
ℜ (hjj) ≡Mjj, (j = 1, 2), (6)
where
hjk =< j|H‖|k >, (j, k = 1, 2), (7)
correspond to the masses of particle ”1” and its antiparticle ”2” respectively
[1] — [11], (and such an interpretation of ℜ (h11) and ℜ (h22) will be used in
this paper), whereas the imaginary parts, ℑ(.), are interpreted as the decay
widths of these particles, Γjj ≡ −2ℑ (hjj), (j = 1, 2), [1] — [11], [15].
Taking H|| = HLOY and assuming that the CPT invariance holds in the
system considered one easily finds the standard result of the LOY approach
hLOY11 = h
LOY
22 , (8)
which, among others, means that
MLOY11 =M
LOY
22 , (9)
where MLOYjj = ℜ (h
LOY
jj ) and h
LOY
jj =< j|HLOY |j >, (j = 1, 2). This last
relation is interpreted as the equality of masses of the unstable particle |1 >
and its antiparticle |2 >.
In [16] using the Khalfin’s Theorem [9, 17] — [19] it was proved that,
contrary to the conclusion drawn in (8), the diagonal matrix elements of
the exact effective Hamiltonian H|| in a CPT invariant but CP noninvariant
system must be different for t > t0. This proof is rigorous. A crucial conclu-
sion following from this property was put forward in [16]. This conclusion
states that, contrary to property (9), the masses of unstable particle and its
antiparticle should be different for t > t0. In fact, this conclusion was not
supported there by a direct and rigorous proof. The aim of this note is to
complete the result of [16] and to prove this conclusion. Strictly speaking, to
prove rigorously that in the case of the exact H|| it must be ℜ (h11−h22) 6= 0
for t > t0, if the CPT symmetry holds and CP is violated. In order to realize
this purpose, the method applied in [14] will be used.
3
2 CPT transformation properties
of the exact H‖
The aim of this Section is to show that in the case of the exact H||, the stan-
dard LOY relation (9) does not occur if the total system under consideration
is CPT invariant, ΘHΘ−1 = H+ ≡ H , that is
[Θ, H ] = 0, (10)
where Θ is the antiunitary operator:
Θ
def
= CPT , (11)
and CP noninvariant.
Let P denote the projection operator onto the subspace H‖:
PH = H‖, P = P
2 = P+, (12)
then the subspace of decay products H⊥ equals
H⊥ = (I − P )H
def
= QH, Q ≡ I − P. (13)
For the case of neutral kaons or neutral B–mesons, etc., the projector P can
be chosen as follows:
P ≡ |1 >< 1|+ |2 >< 2|. (14)
We assume that time independent basis vectors |K0 > and |K0 > are de-
fined analogously to corresponding vectors used in the LOY theory of time
evolution in the neutral kaon complex [1] — [11]: Vectors |K0 > and |K0 >
can be identified with the eigenvectors of the so–called free Hamiltonian
H(0) ≡ Hstrong = H − H
(1), where H(1) ≡ Hint denotes weak and other in-
teractions which are responsible for transitions between eigenvectors of H(0),
i.e., for the decay process. This means that
[P,H(0)] = 0. (15)
The condition guaranteeing the occurrence of transitions between subspaces
H‖ and H⊥, i.e., a decay process of states in H‖, can be written as follows
[P,H ] 6= 0, (16)
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Note that Eq. (3) means that U(t) = exp(−itH). Now, knowing U(t),
the exact evolution operator U‖(t) (4) for H‖ can be expressed using the
projector P as follows
U‖(t) ≡ PU(t)P. (17)
We have U‖(0) ≡ P . In [12, 13, 14] an observation was made that for every
effective Hamiltonian H‖ governing the time evolution in subspace H‖ ≡ PH,
the following identity holds:
H‖ ≡ H‖(t) ≡ i
∂U‖(t)
∂t
[U‖(t)]
−1, (18)
where the operator [U‖(t)]
−1 is defined as follows [16]
[U‖(t)]
−1U‖(t) = U‖(t)[U‖(t)]
−1 ≡ P. (19)
(These last two relations were also used in [16]). It can be easily verified that
H‖ ≡ HLOY , fulfills the identity (18).
In the nontrivial case (16) from (18) (see Appendix, formula (A.2)), using
(3) and (17) we find
H‖(t) ≡ PHU(t)P [U‖(t)]
−1P (20)
≡ PHP + PHQU(t)[U‖(t)]
−1P (21)
def
= PHP + V‖(t). (22)
Thus [20, 21, 22, 23]
H‖(0) ≡ PHP, V‖(0) = 0, V‖(t→ 0) ≃ −itPHQHP, (23)
so, in generalH‖(0) 6=H‖(t≫ t0 = 0) [20, 21, 22] and V‖(t 6= 0) 6= V
+
‖ (t 6= 0),
H‖(t 6= 0) 6= H
+
‖ (t 6= 0).
Now let us pass on to the investigation of the CPT–transformation prop-
erties of H‖. We assume that vectors |1 >, |2 > are related to each other
through the transformation:
Θ|1 >
def
= −|2 >, Θ|2 >
def
= −|1 >, (24)
Besides, there is only one assumption for the anti–linear operator Θ (11)
describing the CPT–transformation in H. We require CPT–invariance of
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H‖. This means that for the projector P defining this subspace the following
relation must hold,
[Θ, P ] = 0. (25)
Using assumption (25) and the identity (20), after some algebra, one finds
[24] (see Appendix A)
[Θ, H‖(t)] = A(t) + B(t), (26)
where:
A(t) = P [Θ, H ]U(t)P (U‖(t))
−1
, (27)
B(t) =
{
PH − PHU(t)P (U‖(t))
−1
P
}
[Θ, U(t)]P (U‖(t))
−1 (28)
≡
{
PH − H‖(t)P
}
[Θ, U(t)]P (U‖(t))
−1 (29)
≡
{
PHQ − V‖(t)P
}
[Θ, U(t)]P (U‖(t))
−1 (30)
We observe that for t = 0
A(0) ≡ P [Θ, H ]P and B(0) ≡ 0. (31)
From definitions and the general properties of operators C,P and T [4, 8,
25, 26, 27] it is known that T U(t6=0) = U+(t6=0)T 6= U(t6=0)T (Wigner’s
definition for T is used), and thereby ΘU(t 6= 0) = U+(t 6= 0)Θ [25, 26, 27]
i.e. [Θ, U(t 6= 0)] 6= 0. So, the component B(t) in (26) is nonzero for t 6= 0
and it is obvious that there is a chance for the Θ–operator to commute with
the effective Hamiltonian H‖(t 6= 0) only if [Θ, H ] 6= 0. On the other hand,
the property [Θ, H ] 6= 0 does not imply that [Θ, H‖(0)] = 0 or [Θ, H‖(0)] 6= 0.
These two possibilities are admissible, but if [Θ, H ] = 0 then there is only
one possibility: [Θ, H‖(0)] = 0 [14].
From (26) we find
ΘH‖(t)Θ
−1 −H‖(t) ≡ (A(t) + B(t))Θ
−1. (32)
Now, keeping in mind that |2 >≡ |K0 > is the antiparticle for |1 >≡ |K0 >
and that, by definition, the (anti–unitary) Θ–operator transforms |1 > in
|2 > [2] — [8] according to formulae (24), and < ψ|ϕ >=< Θϕ|Θψ >, we
obtain from (32) (see Appendix A)
h11(t)
∗ − h22(t) =< 2|(A(t) + B(t))Θ
−1|2 >, (33)
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Adding expression (33) to its complex conjugate one gets
ℜ (h11(t)− h22(t)) = ℜ < 2|(A(t) + B(t))Θ
−1|2 > . (34)
Note that if the requirement (16) for the projector P (14) is replaced by
the following one:
[P,H ] = 0, (35)
i.e. if only stationary states are considered instead of unstable states, then
one immediately obtains from (27) — (30):
A(t) = P [Θ, H ]P, (36)
B(t) = 0. (37)
Let us assume that conditions (16) and (10) hold. For the station-
ary states (35), the assumption (10), relations (36), (37) and (34) yield
ℜ (h11(t)− h22(t)) = 0.
Now let us consider the case of unstable states, i.e., states |1 >, |2 >,
which lead to such projection operator P (14) that condition (16) holds. If
in this case (10) also holds then A(t = 0) ≡ 0 (see (31)) and thus [Θ, H‖(0)]
= 0, which is in agreement with earlier, similar results [14, 16]. This means
that at t = 0:
ℜ (h11(0)− h22(0)) = H11 −H22 = 0, (38)
where
Hjk =< j|H|k >, (j, k = 1, 2). (39)
Let t > 0. In this case we have ΘU(t) = U+(t)Θ, which gives ΘU‖(t) =
U+‖ (t)Θ, ΘU
−1
‖ (t) = (U
+
‖ (t))
−1Θ, and
[Θ, U(t)] = −2i(ℑ U(t))Θ (40)
This relation leads to the following result in the case of conserved CPT–
symmetry
B(t) = −2iP
{
H − H‖(t) P
}
(ℑ U(t))P (U+‖ (t))
−1Θ (41)
≡ −2i
{
PHQ − V‖(t) P
}
(ℑ U(t))P (U+‖ (t))
−1Θ, (42)
which means that generally, in any case B(t > 0) 6= 0.
Formulae (41), (42) allow us to conclude that < 2|B(0)Θ−1|2 >= 0 and
ℜ < 2|B(t > 0)Θ−1|2 > 6= 0, if condition (10) holds. This means that in this
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case it must be ℜ ( h11(t) ) 6= ℜ ( h22(t) ) for t > 0. So, there is no possibility
for ℜ (h11) to equal ℜ (h22) for t > 0 in the considered case of P fulfilling the
condition (16) (i.e., for unstable states) when CPT–symmetry is conserved.
Using identity (20) and assuming that [CP , H ] = 0 and (10) hold it is not
difficult to show that in such case h11(t) = h22(t).
3 Discussion.
All the above considerations lead to the following conclusions for the matrix
elements hjk of the exact effective Hamiltonian H‖ governing the time evo-
lution in neutral kaons subspace:
Conclusion 1
If [Θ, H ] = 0 and [CP, H ] 6= 0 then it follows that M11 ≡ ℜ ( h11(t > 0) )
6= ℜ ( h22(t > 0) ) ≡ M22, that is that the mass of the unstable particle ”1”
must be different from the mass of its antiparticle ”2” for t > t0 = 0.
One should remember that the above conclusion derived from relation
(34) concerns only the real parts of h11(t > 0) and h22(t > 0) and it is in
excellent agreement with the results presented in [16]. Relations (32) — (34)
give us no information about the imaginary parts of h11 and h22. One cannot
infer from (34) that [Θ, H ] = 0 follows ℑ (h11) 6= ℑ (h22). The case when
[Θ, H ] = 0 follows ℜ ( h11(t > 0) ) 6= ℜ ( h22(t > 0) ) and ℑ (h11) = ℑ (h22), is
not in conflict with relations (32) — (34). The equality of ℑ (h11) and ℑ (h22)
need not imply the equality of ℜ (h11) and ℜ (h22) and vice versa. This means
that the Bell–Steinberger relations [28] do not contradict relations (32) —
(34) and Conclusion 1 following from them. Namely, Bell and Steinberger
formulae lead to the equality of ℑ (h11) and ℑ (h22) in the case of conserved
CPT–symmetry and do not concern the real parts of the diagonal matrix
elements of H‖ or give any relations between them.
The real parts of the diagonal matrix elements of the mass matrix H‖,
h11 and h22, are considered in the literature as masses of unstable particles
|1 >, |2 > (e.g., mesons K0 and K0). Such an interpretation follows also
from properties, (18), (22) and (23) of the exact H||(t). The interpretation
of the diagonal matrix elements of H||(t = 0) is obvious (see (23)). They
have the dimension of the energy (that is, the mass) and hjj(0) ≡< j|H|j >,
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(j = 1, 2). So their interpretation as the masses of the particle ”1” and
its antiparticle ”2” at the instant t = 0 seems to be explained. Note that
from the identity (18) it follows that the exact effective Hamiltonian H||(t)
is a continuous function of time t. Therefore the dimension of H||(t) as the
physical quantity at any t > 0 continues to be the same as that at t = 0.
From (22) one finds
hjk(t) = Hjk + vjk(t), (j, k = 1, 2), (43)
where vjk(t) =< j|V||(t)|k >. So, at t > t0 = 0 the initial mass (energy) of
the particle j, ℜ (hjj(0)) =< j|H|j >≡ Hjj, in the state |j >, shifts and takes
the value
ℜ (hjj(t)) = Hjj + ℜ (vjj(t)). (44)
Every experiment performed at this instant t will indicate the quantity (44) as
the energy (i.e., as the mass) of the particle j at time t. In the case of neutral
particles there are no methods allowing one to differentiate the contribution
of ℜ (hjj(0)) = Hjj into ℜ (hjj(t)) from the contribution of the shift ℜ (vjj(t))
by means of the measurement performed at the instant t > 0. The particle
j always interacts with the environment at the instant t as the particle with
the energy ℜ (hjj(t)). So from the point of view of the relativistic quantum
theory the interpretation of ℜ (hjj(t)) as the mass of the particle j seems to
be acceptable.
There is another one reason for the adoption of LOY interpretation of the
matrix elements ofH|| in this letter. Note that, as it was mentioned in Sec. 2,
the LOY effective Hamiltonian, HLOY fulfils the identity (18). It seems that
the interpretation of matrix elements of any effective Hamiltonian fulfilling
this identity can not differ from the interpretation of matrix elements of
HLOY .
So Conclusion 1 means that masses of a decaying particle ”1” and its
antiparticle ”2” should be different if the CPT–symmetry is conserved in
the system containing these unstable particles. In other words, in the exact
theory unstable states |1 >, |2 > appear to be nondegenerate in mass for
t > t0 if the CPT–symmetry holds and the CP–symmetry does not, in the
total system considered. At the same time, relations (35) — (37) and (10)
suggest that in the CPT–invariant system masses of a given particle and
its aniparticle are equal (i.e., appear to be degenerate) only in the case of
stationary (stable) states |1 >, |2 >. The case, when vectors |1 >, |2 >
describe pairs of particles p, p, or e−, e+, can be considered as an example of
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such states. All these conclusions contradict the standard result of the LOY
and related approaches.
Results of the previous Section and Conclusions 1 are not in conflict
with such implications of the CPT–invariance as the equality of particle and
antiparticle decay rates — see [16]. On the other hand the consequences (8)
and (9) of the LOY theory are in conflict with the results of Sec. 2 and
Conclusion 1 obtained without approximations but they are in agreement
with the rigorous result obtained in [16].
Note that in fact the above conclusions about the masses of unstable par-
ticles under consideration are not in conflict with the rigorous and consistent
treatment of quantum theory. From (10) (or from the CPT Theorem [29]) it
only follows that the masses of particle and antiparticle eigenstates of H (i.e.,
masses of stationary states for H) should be the same in the CPT invariant
system — see [16]. Such a conclusion can not be derived from (10) for particle
|1 > and its antiparticle |2 > if they are unstable, i.e., if states |1 >, |2 > are
not eigenstates of H . Note also that the proof of the CPT Theorem makes
use of the properties of asymptotic states [29]. Such states do not exist for
unstable particles. What is more, one should remember that the CPT The-
orem of axiomatic quantum field theory has been proved for quantum fields
corresponding to stable quantum objects and only such fields are considered
in the axiomatic quantum field theory. There is no axiomatic quantum field
theory of unstable quantum particles. So, all implications of the CPT The-
orem (including those obtained within the S–matrix method) need not be
valid for decaying particles prepared at some initial instant t0 = 0 and then
evolving in time t ≥ 0. Simply, the consequences of CPT invariance need not
be the same for systems in which time t varies from t = −∞ to t = +∞ and
for systems in which t can vary only from t = t0 > −∞ to t = +∞. Similar
doubts about the fundamental nature of the CPT Theorem were formulated
in [30], where the applicability of this theorem for QCD was considered. One
should also remember that conclusions about the equality of masses of stable
particles and their antiparticles following from the properties of the S-matrix
can not be extrapolated to the case of unstable states. Simply, there is no
S–matrix for unstable states.
The important consequence of Conclusion 1 is that the conventional in-
terpretation of the tests, which are sensitive to the difference ℜ (h11−h22), as
the CPT invariance test in neutral kaon complex, need not be longer valid.
An example of a such test is considered in [31].
Another consequence of the main result of the Section 2, that is of the
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Conclusion 1 concerns properties of the scalar product of eigenvectors |l >,
|s > of H||,
H|||l(s) > = µl(s)|l(s) > . (45)
for the eigenvalues µl(s) =
1
2
(h11 + h22) − (+)
1
2
[(h11 − h22)
2 + 4h12h21]
1/2 ≡
ml(s)−
i
2
γl(s), where ml(s), γl(s) are real. These eigenvectors correspond to the
long (the vector |l >) and short (the vector |s >) living superpositions of K0
and K0.
Using the eigenvectors
|K1(2) >
def
= 2−1/2(|1 > +(−)|2 >), (46)
of the CP–transformation for the eigenvalues ±1 (we define CP|1 >= −|2 >,
CP|2 >= −|1 >), vectors |l > and |s > can be expressed as follows
|l(s) >≡ (1 + |εl(s)|
2)−1/2[|K2(1) > +εl(s)|K1(2) >]. (47)
This last relation leads to the following formula for the product < s|l >,
< s|l >≡ N(ε∗s + ε
∗
l ), (48)
where N = N∗ = [(1 + |εs|
2)(1 + |εl|
2)]−1/2. By means of the following
parameters
ε
def
=
1
2
(εs + εl), (49)
δ
def
=
1
2
(εs − εl), (50)
which are usually are used to describe the scale of CP– and possible CPT –
violation effects [3, 4, 6, 10, 15], product (48) can be expressed as follows
< s|l >≡ 2N(ℜ ε− iℑ δ). (51)
There is
δ ≃
h11 − h22
2(µs − µl)
≡ δ|| e
iφSW + δ⊥ e
i(φSW+pi/2), (52)
in the case of |εs| ≪ 1 and |εl| ≪ 1 (see, eg. [15], p. 560). Here φSW is the
superweak phase, tan φSW =
2(ml−ms)
γs−γl
, and
δ|| =
1
4
Γ11 − Γ22√
(ms −ml)2 +
1
4
(γs − γl)2
, (53)
δ⊥ =
1
2
ℜ (h11 − h22)√
(ms −ml)2 +
1
4
(γs − γl)2
, (54)
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are the real parameters. Thus
ℑ δ = δ|| sin φSW + δ⊥ cos φSW . (55)
The consequence of (8), (9) is that in CPT invariant but CP noninvariant
system δ|| = δ
LOY
|| = 0 and δ⊥ = δ
LOY
⊥ = 0 which leads to the standard
result ℑδLOY = 0 (here δLOY denotes the parameter δ, (52), calculated for
H|| = HLOY ). From this property and (51) the conclusion that the product
< s|l > must be real is drawn in the literature. This conclusion is considered
as the standard result. Note that in the light of the main result of Sec. 2
and Conclusion 1 such a conclusion seems to be wrong in the case of the
exact effective Hamiltonian H||, that is, in the case of the exact theory. From
Conclusion 1 one infers that there must be δ⊥ 6= 0, (54) in the case of CPT
invariant but CP noninvariant system and therefore it must be ℑ δ 6= 0 (see
(55) in such a system. This means that the right hand side of the relation
(51) is a complex number and therefore in the case of conserved CPT– and
violated CP–symetries, in contrast with the standard result, there must be
< s|l > 6=< s|l >∗ in the real systems.
Properties of the real systems discussed above and described in Conclu-
sion 1 are unobservable for the LOY approximation. In order to obtain at
least an estimation of the effects described in these Conclusions, the matrix
elements of H‖ should be calculated much more exactly than it is possible
within the LOY theory. A proposal of a more exact approximation is given
in [21, 22, 32, 33]. This approximation is based on the Krolikowski–Rzewuski
equation for a distinguished component of the state vector [34]. All CP – and
CPT – transformation properties of the effective Hamiltonian H‖ calculated
within this approximation are consistent with similar properties of the exact
effective Hamiltonian and with the result obtained in this paper and [16] .
Within the mentioned more accurate approximation one finds for diagonal
matrix elements of H‖ ≃ H
(1)
||
def
= limt→∞H
(1)
|| (t) that the CPT–invariant
system in contradistinction to the property (8) obtained within the LOY
theory [20, 21, 22, 33]
h11 6= h22, (56)
and
h11(t = 0) = H11 ≡ H22 = h22(t = 0). (57)
The relation (57) is consistent with the properties (23) and (38) and the
result obtained in [16].
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Assuming that
|H12| ≪ |H0|, (58)
where H0
def
= 1
2
(H11+H22), ( H0 = H11 ≡ H22 if (10) holds), one finds within
the mentioned more accurate approximation that (see [31] and (77) in [22])
∆h
def
= h11 − h22 ≃ H12
∂Σ21(x)
∂x
x=H0
−H21
∂Σ12(x)
∂x
x=H0
6= 0. (59)
Here
Σ(ǫ) = PHQ
1
QHQ− ǫ− i0
QHP. (60)
and Σjk(ǫ) =< j | Σ(ǫ) | k >.
From the result (59) it follows that ∆h = 0 can be achieved only if H12 =
H21 = 0. Relation (15) implies that H12 ≡< 1|Hint|2 >. If |1 >≡ |K0 >
and |2 >≡ |K0 > then the strangeness S of the particle ”1” equals S = +1
while that of ”2” is S = −1. Therefore the interpretation of the hypothetical
property < 1|Hint|2 > 6= 0, which can be met in the literature, is that the
first order |∆S| = 2 transitions are allowed [5, 6, 7].
So, the property H12 = H21 = 0 means that if the first order |∆S| = 2
transitions are forbidden in the K0, K0 complex then predictions following
from the use of the mentioned more accurate approximation and from the
LOY theory should lead to the the same masses for K0 and for K0. This
does not contradict the Conclusion 1 following from the results of Sec. 2
derived for the exact H|| or the rigorous result of [16]: the mass difference
is very, very small and should arise at higher orders of this more accurate
approximation.
On the other hand from (59) it follows that in the considered approxi-
mation ∆h 6= 0 if and only if H12 ≡< 1|Hint|2 > 6= 0. This means that if
measurable deviations from the LOY predictions concerning the equality of
masses of, e.g. K0, K0 mesons are ever detected in some tests, then the most
plausible interpretation of this result will be the existence of interactions
allowing the first order |∆S| = 2 transitions in the system considered [31].
Within the use of the toy Fridrichs–Lee model [9, 21] the following esti-
mation was found in [16]:
ℜ (∆h)
ℜ (h11 + h22)
∼ 9, 25× 10−18 (ℑ (< 1|Hint|2 >)) [MeV]
−1. (61)
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This and the estimation
|mK0−mK0
|
mK−average
< 10−18 (where mα, (α = K0, K0) denotes
masses of K0 and K0–meson respectivelly), which can be found in [15], show
that possible deviations from the standard picture, that is, from the LOY
predictions are much too small to be observed with the present experiments.
Confronting relations (8) with (34), one should remember that, in fact,
HLOY can be considered as the lowest, nontrivial order approximation in the
perturbation H(1): All the terms to higher orders than (H(1))2 are neglected
in HLOY [1] — [11]. It is obvious that CPT– and other transformation
properties of such an approximate effective Hamiltonian and of the exact one
need not be the same. Taking into account all the above, it seems that for
the proper understanding of the CPT–invariance tests and CPT–invariance,
or possible CPT–violation phenomena it is necessary to consider higher order
contributions into the LOY–type effective Hamiltonian than those contained
in HLOY or to use a more accurate approximation than LOY.
The result (8) of the LOY approximation is model independent whereas,
within the mentioned more accurate approximation, the magnitude of
ℜ (h11 − h22) depends on the model of interactions considered. So a new
possibility of the verification of models of weak interactions arises.
It also seems, that above results have some meaning when attempts to
describe possible deviations from conventional quantum mechanics are made
and when possible experimental tests of such a phenomenon and CPT–
invariance in the neutral kaons system are considered [35, 36]. In such a
case a very important role is played by nonzero contributions to (h11 − h22)
[35, 36]: The correct description of these deviations and experiments men-
tioned is impossible without taking into account the results of this Section
and the above Sec. 2. This can not be performed within the LOY approach
and requires more exact approximations. It seems that the approximation
described and exploited in [20] — [22] may be a more effective tool for this
purpose.
The above considerations suggest that tests consisting of a comparison
of the equality of the decay laws of K0 and K0 mesons seem to be the only
completely model independent tests for verifying the CPT–invariance in such
and similar systems.
Taking into account all the above, it seems that all theories describing
the time evolution of the neutral kaon and similar systems by means of
the effective Hamiltonian H‖ governing their time evolution, in which the
CPT–invariance of the total system leads to the property (8) for this H‖,
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(such as LOY theory [1] — [4] based on the WW approximation), can not
lay claim to being the exact and correct description of all aspects of the
effects connected with the violation or nonviolation of the CP– and especially
CPT–symmetries. (It occurs probably because of the fact that such theories
cannot exactly satisfy unitarity [19] and lead to inconsistencies of CPT–
symmetry properties of the H‖ and the total Hamiltonians H [33]). Also,
it seems that results of the experiments with neutral kaons, etc., designed
and carried out on the basis of expectations of theories within the WW
approximation, such as tests of CPT invariance (at least the results of those
in which CPT–invariance or CPT–noninvariance of H‖ generated by such
invariance properties of H were essential), should be revised using other
methods than the WW approach.
The most important observation which follows from the results of Sec.
2 (Conclusion 1) and of [16] is the following one: In CPT invariant system
Quantum Theory allows simultaneously created at the instant t0 = 0 unstable
particles and their antiparticles as particles with the same masses to have
slightly different masses for t > t0. Thus some matter–antimatter asymmetry
can arise in such system, which can have cosmological consequences [37].
A Appendix
The aim of this Appendix is to calculate the commutator [Θ, H‖(t)] discussed
in Sec. 2 and to study some of its applications. In order to calculate this
commutator it is convenient to express H‖(t) by means of the formula (20),
and then to use assumption (25), the definition of [U‖(t)]
−1 (19) and the
following property
P [U‖(t)]
−1 = [U‖(t)]
−1P ≡ P [U‖(t)]
−1P, (A.1)
which is the consequence of (19). This last observation together with the
property (17) means that the identity (18) can be replaced by the following
one:
H‖ ≡ H‖(t) ≡ i
∂U‖(t)
∂t
[U‖(t)]
−1P. (A.2)
Now one can consider a commutator [Θ, P [U‖(t)]
−1]. It is the only non-
trivial relation, necessary for the calculation of [Θ, H‖(t)]. Using property
(A.1) and definition (19), we find (here the assumption (25) is crucial)
[Θ, P [U‖(t)]
−1] = ΘP [U‖(t)]
−1 − P [U‖(t)]
−1Θ
15
= ΘP [U‖(t)]
−1 − P [U‖(t)]
−1PΘ
= PU−1‖
(
U‖Θ−ΘU‖
)
U−1‖ (A.3)
= −PU−1‖ [Θ, U‖]U
−1
‖
≡ −PU−1‖ P [Θ, U ]PU
−1
‖ . (A.4)
Properties (A.1) and expression (20) lead to the following formulae
[Θ, H‖(t)] = [Θ, PHUPU
−1
‖ P ]
= [Θ, PH ]UPU−1‖ + PH [Θ, UPU
−1
‖ ]
= P [Θ, H ]UPU−1‖ (A.5)
+ PH
{
[Θ, UP ]U−1‖ + UP [Θ, PU
−1
‖ ]
}
.
All steps in the above formulae and in formulae leading to (A.2) have been
performed without changing the order of operators appearing in products
of type ΘH,ΘU(t), etc.. By virtue of the assumption (25) only the order of
operators Θ and P in products ΘP , etc., can be changed when it is necessary.
Now, defining
A(t)
def
= P [Θ, H ]UPU−1‖ , (A.6)
(which equals (27) ) and taking into account (A.3), one can obtain formula
(26) from (A.4)
[Θ, H‖(t)] ≡ A(t) + PH [Θ, U ]PU
−1
‖
+ PHUP
{
− U−1‖ P [Θ, U ]PU
−1
‖
}
= A(t) + B(t),
where (see (28))
B(t) =
{
PH − PHUPU−1‖ P
}
[Θ, U ]PU−1‖ ,
or (by means of (20))
B(t) ≡
{
PH −H‖P
}
[Θ, U ]PU−1‖ ,
(i.e., simply (29) ), and due to the properties (21), (22)
B(t) =
{
PHQ− V‖P
}
[Θ, U ]PU−1‖ ,
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that is formula (30).
Let us now consider some details of the derivation of the relation (33).
Taking into account the properties of the anti–unitary operator Θ and the
CPT–transformation properties of states |K0 >, |K0 >, etc., (see Sec. 2),
without any assumptions about the commutator [Θ, H ], one can transform
the matrix element < 2|ΘH‖(t)Θ
−1|2 > appearing in (33) as follows
< 2|ΘH‖(t)Θ
−1|2 > ≡ < K0|ΘH‖(t)Θ
−1|K0 >
≡ < ΘK0,ΘH‖(t)Θ
−1ΘK0 >
= < Θ−1ΘH‖(t)Θ
−1K0,Θ
−1ΘK0 >
= < H‖(t)K0, K0 >
= < K0, H‖(t)K0 >
∗
≡ < 1|H‖(t)|1 >
∗≡ h11(t)
∗.
This last relation and the following consequence of (32)
< 2|ΘH‖(t)Θ
−1|2 > − < 2|H‖(t)|2 >≡< 2|(A(t) + B(t))Θ
−1|2 >,
yield
h11(t)
∗ − h22(t) =< 2|(A(t) + B(t))Θ
−1|2 >, (A.7)
i.e., the formula (33).
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